We present an E 6 Grand Unified model with a realistic pattern of fermion masses. All standard model fermions are unified in three fundamental 27-plets, which involve in addition right handed neutrinos and three families of vector like heavy quarks and leptons. The lightest of those can lie in the low TeV range, being accessible to future collider experiments. Due to the high symmetry, the masses and mixings of all fermions are closely related. The new heavy fermions play a crucial role for the quark and lepton mass matrices and the bilarge neutrino oscillations. In all channels generation mixing and CP violation arise from a single antisymmetric matrix. The E 6 breaking proceeds via an intermediate energy region with SU (3) L × SU (3) R × SU (3) C gauge symmetry and a discrete left-right parity. This breaking pattern leads in a straightforward way to the unification of the three gauge coupling constants at high scales, providing for a long proton lifetime. The model also provides for the unification of the top, bottom and tau Yukawa couplings and for new interesting relations in flavor and generation space.
The exceptional group E 6 [1] , [2] is the preferred group for Grand Unification. All Standard Model (SM) fermions are in the lowest 27 representation. Its maximal subgroup SU(3) × SU(3) × SU(3) can be viewed as an extension of the Weinberg-Salam group SU(2) L × U(1) Y × SU(3) C → SU(3) L × SU(3) R × SU(3) C ≡ G 333 . The fermions can be described by singlet and triplet representations of the SU(3) groups only. Using for all fermion fields left handed two component Weyl spinor fields, the quantum number assignments are (for each generation) 3 :
Quarks : Q L (x) = (3, The 78 generators of E 6 consist of the three SU(3) adjoint octet generators and the generators F (3, 3, 3) andF (3, 3, 3) of coset E 6 /G 333 . The beautiful cyclic symmetry of E 6 is apparent from (0.1) and from the fact that F takes a quark field into a lepton field, a lepton field into an antiquark field and an antiquark field into a quark field. An additional argument favoring E 6 is its appearance through compactification of the ten dimensional E 8 × E 8 heterotic superstring theory on a Calabi-Yau manifold. The compactification process can lead either to four dimensional E 6 gauge symmetry (which is anomaly free and left-right symmetric) or to some of E 6 's maximal subgroups [3] . Phenomenology of E 6 GUT attracted attention earlier [1] , [2] , [4] , and its active studies has been continued until recently [5] . Phenomenology and properties of G 333 triunification models are also interesting [6] .
According to (0.1) one has besides the SM fermions: additional quark and antiquark fields with the same charges as the corresponding down quarks, two SU(2) L doublet leptons (containing additional 'active' neutrinos), and two SM singlets -'right handed' neutrinos for each generation.
SO (10) and E 6 Grand Unified Theories in old times usually predicted small neutrino mixings since in straightforward applications the large symmetry obtained from these groups connect the neutrino mixings with the small mixings observed in the quark sector. After the observation of large mixings in neutrino oscillations one had to return to the smaller SU(5) group (the minimal version of it does not involve right handed neutrinos) or needed more Higgses, special composite operators or some fine tuning procedures.
In this paper we consider at first the Yukawa sector of E 6 with its symmetric and antisymmetric matrices in flavor and generation space. After defining the model, we can calculate from it the mass spectrum of ordinary and new fermions and their mixings in terms of a few parameters only. An interesting feature is that the mass matrices of quarks and leptons are strongly influenced by the flavor mixing of the SM particles with heavy fermions as was suggested by Bjorken, Pakvasa and Tuan [7] . Earlier suggestions of this type for different purposes can be found in [8] . In our approach the use of an 1 Particle Assignments in E 6 and the Yukawa Sector where i, k, a = 1, 2, 3; a is a color index. In this description SU(3) L acts vertically and SU(3) R horizontally. The charges are obtained from the operator 2) with I 3 , Y defined as usual. Before symmetry breaking equivalent forms of (1.1) can be obtained by applying left and right U-spin rotations. The charge conjugation operator interchanges left with right handed indices:
3)
It leaves the commutation relations for the E 6 generators unchanged and is often called D LR parity. The new lepton fields L G and S are symmetric matrices in generation space, while A is an antisymmetric matrix. L Y is invariant with respect to C, the right↔left operation. In case of real vacuum expectation values (VEVs) of the Higgs fields, the part of L Y obtained from the real part of these matrices is formally even under the CP and P operation, while the term arising from their imaginary parts is formally odd under CP and P. The decomposition of the Higgs fields with respect to the G 333 subgroup reads We note that the parts containing a sextet or antisextet representation can only couple to leptons.
The Model
The vacuum expectation values of the three Higgs fields determine the particle spectrum.
To be in accord with the SM, the masses of the new particles of E 6 have to get heavy (at least of order TeV). Thus, Higgs components which are SU(2) L singlets can have large VEVs. The members of SU(2) L doublets, on the other hand, should be of the order of the weak scale, while the VEVs of SU(2) L triplets are expected to vanish. In order to define our model to be predictive and to have very few unknown parameters, we need some specific assumptions concerning the three Higgs fields, about the generation matrices G, A, S and the symmetry breaking pattern. We do not consider Higgs field components which carry color. They are supposed to aquire masses of the order of the GUT scale from appropriate Higgs potentials.
We allow VEVs for all color singlet and neutral components of H
However, by a biunitary left and right U-spin transformation in flavor space (i.e. on the SU(3) L and SU(3) R indices 2 and 3) we can choose a proper basis for which (10)
. This is achieved by components of H A which involve left and right U-spin 1/2 indices. For the (3, 3, 1) sector of H A we take, therefore,
For the (3,6, 1) sector of H A one has correspondingly
In our numerical treatment we will restrict the VEVs in (2.4), (2.5) to those with i = 3, k = 2, 3 and i = 2, k = 3 which should be the dominant ones. With respect to U-spin, 
The signs follow by taking the H A part of the Yukawa interaction to be even under D LR when H A is replaced by H A . As a consequence of (2.7) the f's are of the order of the weak scale even though some are standard model singlets and thus only protected by the discrete D LR symmetry itself. We will not use (2.7) in its strict form but require the products f 2 3 f 3 2 and f {1,3}3 f 3{1,3} to respect to some extent the left right symmetry of E 6 , namely to remain of the order of the weak scale. If this is indeed the case, it implies new particles in the few TeV region as we will see.
The next assumption concerns the generation matrices G, A and S. The symmetric matrix G αβ can be diagonalized by an orthogonal transformation, which leaves the symmetry properties of A αβ and S αβ unchanged. By choosing this basis, the up quark mass matrix is diagonal because, according to the above assumed properties of H A and H S , only H contributes to it
(2.8)
As a consequence, the quark mixing angles and the CP violating phase must entirely come from the inclusion of the Higgs H A with its antisymmetric generation matrix A αβ as proposed long ago [4] . Thus, A αβ has to contain imaginary parts which can not be rotated away using quark phase redefinitions. This leads us to assume that the matrix A is -in our phase convention -purely imaginary, i.e. a hermitian matrix. The normalized matrix contains then only two parameters, in fact only one when utilizing a discrete generation exchange symmetry for A as shown later. We suggest, that the generation matrices G, A and S are not independent of each other. In particular, the coupling matrix for the heaviest leptons S should have an intimate relation with the generation matrices of the charged fermions [10] . S may then be expanded in terms of G and A. Speculatively we assume: The generation mixing matrix S is a combination of the bilinear product G 2 and the commutator [G, A]. The generation mixing in this sector is then due to the same matrix A which causes the mixing of the charged fermions. As it turns out this structure for S is crucial for bilarge neutrino mixings. In fact, it leads to bimaximal mixing which is then changed to bilarge mixing by renormalization group effects.
The last assumption concerns the breaking pattern of E 6 , which is presumably the origin of the breakings seen in the Yukawa sector. We suppose the following symmetry breaking chain:
Here M GUT is the GUT scale and D LR denotes the discrete left↔right symmetry operation. As we will show below, the breaking chain (2.9) leads in a straightforward way to the unification of the gauge coupling constants. The first breaking step to the intermediate symmetry can be caused by a scalar 650-plet which contains two G 333 singlets. One of them S + is even under D LR (S + → S + ), while the second one S − is odd (S − → −S − ). It then follows from the symmetries at M I and above M I that S + has the non zero VEV and S − = 0. This insures that in the (M I , M GUT ) interval L ↔ R symmetry is precise and the equality of the coupling constants g L and g R is protected also at the quantum level.
We take two Higgs SU(2) L doublets of H, namely H Before starting our investigation, let us state the quark and lepton masses at the scale µ = M Z [9] , [11] 10) as obtained from the analysis of experimental data. The general hierarchical structure of the SM masses and of the CKM matrix elements will be used in the following. Some of the masses, in particular m t , m b and m τ , are taken as input parameters.
The Quark Mass Matrix
Because of the hierarchical structure of the quark masses and mixing angles it is convenient to express them in terms of powers of a small dimensionless parameter. We introduce [10] 
for which
holds within experimental uncertainties. One also has ms m b |V us | ≈ σ 2 . According to our assumption (2.1), (2.2) the up-quark mass matrix is
At the scale µ ≃ M Z we can write
The signs of the mass parameters are in general of no relevance. But since we keep G and A to be hermitian matrices, the Jarlskog determinant obtained from the commutator of mass matrices depends on the sign chosen in (3.3) giving two solutions for the area of the unitarity triangle.
Because of the existence of the D-quarks, the down quark (big) mass matrix is a 6 × 6 matrix, which also contains the antisymmetric generation matrix Â From (3.2) one then gets for f 
We introduced a scaling factor √ 2λ A (as discussed in section 7) such that f and the scale dependent matrix A is normalized according to Tr(A 2 ) ≃ 2λ 2 A . We remark that the antisymmetric matrix A taken here is also antisymmetric with respect to the (discrete) interchange of the second generation with the third one. We know of course, that the matrix A can have its strictly antisymmetric form only above M I , the breaking point of the left-right symmetry. Thus, in our renormalization group treatment we take the matrix A as given in eq. (3.9) to be strictly valid at µ = M GUT , even though we anticipated its form at a low scale. As we will discuss in the appendix, by going down from µ = M GUT to M I , the matrix A 'splits' into a matrix A Q for the quarks and a matrix A L for the leptons. By going further down to M Z , A Q as well as A L each splits into three matrices relevant for the sectors indicated by the superscripts:
These matrices are no more strictly antisymmetric. Obviously, also the matrix G splits into more matrices. Between M GUT and M I we have G → (G Q , G L ) for the quarks and leptons. Below M I , one gets
We calculated these matrices at µ = M Z in a model specified in section 7, which has a unification scale of ≈ 10 18 GeV. After having found the renormalization group effects on the matrices G and A, the only parameter for calculating the d-quark masses and the CKM matrix is f Upon diagonalization of the down quark mass matrix (3.12), with the negative sign taken in (3.4), one obtains
and for the angles of the unitarity triangle
To obtain the correct value for m b (M Z ) we took for the (3,3) element of e 
In the following we will use the negative sign in (3.4). The results (3.14)-(3.16) are in good agreement with present experimental data. The mass of the strange quark is a bit low but still close to the bounds of (2.10). We also see, that Weinberg's suggestion [12] 2 . This gives us a rough estimate for e 3 3 and thus for the masses of the D quarks.
From these relations, which are of course sensitive to the value taken for the weak scale input, we expect e 
A more detailed discussion of the heavy fermions and their masses will be presented in section 6 and in the appendix A1.
The Charged Lepton Mass Matrix
The charged lepton mass matrix has the same structure as the down quark mass matrix. By going from quarks to leptons E 6 Clebsch-Gordon coefficients have to be taken into account. Quarks and leptons couple to H(3, 3, 1) according to the combination
The (3, 3, 1) sector of the Higgs field H A couples only to quarks, the sectors (3,6, 1) and (6, 3, 1) only to leptons. Thus, the relevant 6 × 6 matrix at the GUT scale is
Using the same arguments as for the down quark mass matrix the f 's in the diagonal elements are small compared to the main terms. After integrating out the E-type states, the mass matrix for the charged leptons of the SM is generated and has at µ ≃ M Z the form
The first term is constructed like e 2 2 G dd , but for leptons and given in the appendix A2. The contribution of VEVs in the second term should be as small as the corresponding term f 2 2 in the quark mass matrix. Diagonalizing (4.3) one gets with e − e + ] to be 1.7 GeV. The contributions from the first term in (4.3) for the light generations are proportional to σ 4 and σ 2 , respectively, and thus negligeably small. The muon mass receives its essential contribution from the third term in (4.3). i.e. from the mixing with the heavy leptons. The contribution from the second and third terms to the electron mass are comparable. There is some CP-violation due to the second term in (4.3). The corresponding unitarity triangle, for charged leptons, has the angles:
The charged lepton mixing angles turn out to be small |V eµ | ≃ 0.022, |V eτ | ≃ 0.003, |V µτ | ≃ 0.064. Therefore, the large neutrino mixings are not due to the mixings in the charged lepton sector but should come from the neutral lepton sector where large Majorana masses appear. In the next section it will be shown that this is indeed the case. Comparing now (3.13) with (4.4) and taking into account (A. 17) we get
Considering the analogy of f 2 3 with f {1,3}3 and f 3 2 with f 3{1,3} this appears to be a reasonable value. In sections 6, 7 we will use f {1,3}3 ≃ 1.55f
The Neutral Lepton Mass Matrix
The fundamental fermion representation of E 6 contains five neutral two-component fields. Thus, for three generations, the mass matrix for these neutral leptons is a 15 × 15 matrix. According to the assumption stated in section 2, it is given by
where h
and L 2 3 stands for the standard light neutrino fields. All ingredients in this matrix arising from the Higgs fields H and H A are defined in the previous sections. We notice, however, that in the L We can reduce the matrix M L to a 9 × 9 matrix by knowing that e 
We neglected in (5.4) a correction to the (3-3) block, namely − 
13 GeV, we can again apply the see-saw mechanism and finally arrive at the 3 × 3 Majorana matrix for the light neutrinos 6) and for the mass matrices of the heavy Majorana neutrinos
Only the first terms in (5.6) need to be considered, since the remaining one can safely be neglected. Therefore, the neutrino mass matrix (5.6) is mainly due to the decoupling of L 3 2 =ν states. It scales with the masses of these heavy lepton states. We expect [see sect. 2] S to be related to the two other generation matrices G and A via the commutator [G, A] which forms a symmetric and non diagonal matrix in the basis chosen. It implies that also in this sector generation mixing is solely due to the antisymmetric matrix A. We take for S, divided by the overall coupling strength λ S to the Higgs field H S , the real and bilinear construct
whith the single parameter x. The G 2 term with its dominant element ≃ 1 for the 3 rd generation serves for generation hierarchy and for the normalization of S/λ S (for which the σ 3 term in (5.8) can be neglected). With no renormalization effects included, the matrix S, as defined in (5.8) reads
In each element of (5.9) only the leading powers of σ are shown. By inverting the matrix S defined in (5.8) and using (5.6), one finds for m ν
(5.10) For the simplicity of representation (5.10) contains only the zeroth and first powers in σ. Taking the full expression makes numerically little difference. The interesting feature of m ν is the fact that it produces for any value of x > ∼ 2 automatically an almost perfect bimaximal neutrino mixing pattern (!) with a normal (not inverted) neutrino spectrum. By changing x, solely the ratio of mass square differences
changes (m i denotes the three ν eigenstates' mass ordered according to m 1 < m 2 < m 3 ). The experimentally observed ratio R ≈ 0.03 is obtained for x ≃ 3.5. However, for a proper calculation of the neutrino mass matrix at µ = M I and µ = M Z , renormalization effects have to be taken into account. This is particularly necessary because of the large generation splitting of the heavy neutrino states L 3 2 =ν caused by the G 2 term in the matrix S. We have to integrate out these states in steps and to redefine m ν in each step. We start by using (5.8) at the scale M I with G = G L and A = A L and proceed according to the rules given in the appendix A4. It turns out that the renormalization effects strongly influence the neutrino mass matrix and thus also the mixing pattern. The bimaximal mixing is changed to a bilarge mixing. In particular, the renormalization coefficients strongly reduce the mixing angle (θ 12 ) responsible for the mixing of solar neutrinos and increases the ratio R. The calculation is again performed for the gauge and Yukawa unification at 10
18 GeV described in section 7. A good description of the known neutrino data is obtained by changing the value of our parameter x = 3.5 to x ≃ 3.9 . 
Here λ τ is the coupling of the third generation lepton to H 
To obtain the neutrino mixing matrix, one has to go to a basis in which the charged lepton mass matrix is diagonal. Diagonalizing (4.3) and denoting by ν α the weak eigenstates (α = e, µ, τ ), we find from (5.13)
Here we took a special phase choice for the neutrino flavor eigenstates such that the 3 rd column has only real and positive elements. Our results for the three mixing angles relevant in neutrino oscillation experiments as obtained from eq. (5.17) are
These values and the ratio R ≃ 0.053 of mass squared differences are compatible [13] with the SuperKamiokande [14] , [15] SNO [16] and KamLAND [17] data, the CHOOZ limit [18] and also with the other observations of the disappearance of solar neutrinos [19] . We can also get from (5.17) the neutrino unitarity triangle, defined in analogy with the quark unitarity triangle. It turns out to be rather flat:
The phases of the elements of the first row of U ν are 'Majorana phases' relevant for neutrinoless double β-decay experiments. With this convention we get
4 By interpreting the value of M I as the mass scale for the heavy SU (3) L,R vector bosons one expects
For the the quantity m ν ee which determines the decay rate we find
The matrix U ν , in particular its deviation from bimaximal mixing, depends via the renormalization parameters to some extent on the way unification is obtained. But a bilarge mixing with near maximal mixing in the µ − τ sector will always result from the basic assumptions of our E 6 model outlined in section 2.
The Desert is Blooming
In our model the masses of the heavy down quarks D and the corresponding leptons L, which form a 10-plets of SO (10), have a generation splitting similar to the up quarks. The absolute values of these masses can not be given. However, if H A still respects to some extent the left right symmetry of E 6 as discussed above, the lightest D and L states lie in the TeV region. In section 7, we present a numerical solution of the problem of the gauge and Yukawa coupling unification for M GUT = 10
18 GeV and e 
In the evaluation we took the most important renormalization effects into account (see section 7 and the appendix). As we see, the desert is populated between the mass scales M Z and M GUT . The mass ratios for different generations of the standard model singlet neutrinos is even more drastic than the corresponding ratios for the D quarks and the SU(2) L doublet heavy leptons. Our specific unification model allows to calculate numerous properties of the old and new particles in particular those related to their decay properties. We will present here a few examples only.
From the 6 × 6 mass matrix (3.5), for the quarks, one can calculate the coupling matrices in generation space for the couplings of the light and heavy mass eigenstates to the appropriate light Higgs field components
We find, without using the remaining freedom of changing phases, There are also right handed current interactions of the standard model particles with the heavy SU(2) R vector bosons
where Vûd is slightly different but has the same structure as the CKM matrix.
Of particular interest for the decay properties of the mass eigenstates ofν neutrinos are the Dirac masses connecting the flavor eigenstates of the light neutrinos (in a basis in which the charged lepton matrix is diagonal) with the heavy neutrinos. Using (4.3) , e 7 Unification of Couplings 7.1 Gauge coupling unification with intermediate
As it is known, the SM does not lead to the unification of the gauge coupling constants. In our scenario, there are the additional Dirac fermions D and L below the GUT scale M GUT . However, these do not alter the unification picture of the standard model significantly. We still need to introduce an intermediate breaking scale M I . A large group like E 6 with high dimensional representations should first be broken by a step which lowers the symmetry considerably. It is natural to break E 6 to the maximal subgroup SU(3) L × SU(3) R × SU(3) C . As we will see, this has the advantage that the corresponding intermediate scale is not an arbitrary parameter but fixed. The breaking at the GUT scale can be achieved in the scalar sector by a Higgs H(650), which contains two G 333 singlets (1, 1, 1), S + and S − . S + is even under D LR and thus keeps the left-right symmetry, while S − is odd. We have to take S − = 0 and S + to be different from zero for the breaking. It keeps 
The relation g L (µ) = g R (µ) for µ > − M I holds even at the quantum level and is protected by D LR parity. As a consequence, M I is fixed by the meeting point of g 2 and g 1 . From thereon the two curves continue as a single one up to M GUT where g L = g R unifies with g C = g SU (3) C . For this to happen, the states H A (6, 3, 1) and H A (3,6, 1) will play a central role as we will see shortly.
The details are as follows: Below M I , the field content consists of the fermionic generations of the standard model together with two light Higgs doublets and the three Dirac particles 
Apart from these additional states, there are more scalar doublets H 
Four more SM singlets could also be relatively light, but they do not contribute to the running of the gauge couplings. Thus, the solution of the renormalization group equation (at one loop level) for the gauge couplings at M I reads 
At the GUT scale we should have
should hold approximately also at lower scales, since they are determined by H 2 , should have a mass much below M I , as was discusses in section 2. The small VEV found for it, in section 3, supported this view. Let us thus take its mass ν(H 1,2 A2 ) = M A ≈ 500 TeV, which is about the lowest value in order not to come in conflict with the experimental bound on flavor changing neutral currents. Even with this low value, the second term in (7.6) leads only to a slight increase of M I : M I ≃ 1.5 · 10 13 GeV. In general, the value of M I is rather stable with respect to modifications of our model concerning the Higgs sectors H (3, 3, 1) and H A (3, 3, 1) . It is highly interesting that the value obtained for M I is close and connected (see footnote 4) with the phenomenologically obtained mass scale (λ S F {2,2} ) necessary to describe the mass squared difference observed in atmospheric neutrino oscillations. Morever, the same scale also describes the breaking point of the left-right symmetry.
For the precise calculation of α L (M I ) = α R (M I ) = α 1,2 (M I ) from (7.5), we need input masses for the D quarks and the leptons L. The mass of the 3 rd generation D quark we take is based on the discussion about an approximate left-right symmetry in the H and H A sectors:
Before renormalization, the lepton L 3 has the same mass. The ratios for the generation splitting of these quarks and leptons are given σ 4 : σ 2 : 1. The corresponding input in eq. (7.5) allows now to calculate the values α 3 (M I ) and α 1 (M I ) = α 2 (M I ), which can then be used as initial conditions to go up to M GUT . After the study of the Yukawa coupling unification at M GUT , one can go back to the scales of the D and L states to find renormalized values for their masses (see the next section and the appendix). The corresponding change of eq. (7.5) will little affect the values of α 3 and α 1 = α 2 at M I , from which one can start again. The result is
The D and L masses, found this way, are quoted in section 6 and have already been used in form of the mass matrices M D = e (1,3, 3 ) and the leptons L in L(3, 3, 1) multiplets. For the fermion masses we needed besides the VEVs from H(3, 3, 1) also those from H A (3, 3, 1) . We take their masses to be negligeably for scales above M I [similar to H (3, 3, 1) ]. In fact, we have to do that because some members lie below M I and the full (SU (3)) 2 symmetry must hold above M I . The corresponding b-factors for µ
With these values the meeting point g L = g R = g C would be above the Planck scale because b L = b R is not much different from b C . We know, however, from our treatment of the charged lepton sector, that the vacuum expectation values of H A (6, 3, 1) and H A (3,6, 1) play an important role. Since lying above the M I scale, the masses of these two Higgses are equal due to the left-right D LR symmetry: M(6, 3, 1) = M(3,6, 1) ≡ M 6 . They contribute to the renormalization with the b-factors
We now have for µ
The Grand Unification Energy M GUT can now be obtained by setting µ = M GUT and equating (7.11) and (7.12 
Top-bottom-tau unification
In this section we study the running of the Yukawa couplings and their unification. We concentrate on the unification of the third generation couplings λ t , λ b , λ τ for the top, bottom and tau fermions, respectively. In the SM, because of the small mixings in the quark sector, their evolution is little affected by the other couplings. In the considered model, the situation is different. Apart from the fermion couplings to H (3, 3, 1) [first coupling in (1.8)] also couplings with H A are important. In particular, the Higgses H 6 A (6, 3, 1), H6 A (3,6, 1) with common mass M 6 < M GUT are important for gauge coupling unification. Therefore, above the scale M I , the following Yukawa couplings are relevant for renormalization:
We have to distinguish the coupling matrices
As a consequence of the first term in (7.13) one has already at the G 333 level topbottom unification: λ t (µ) and λ b (µ) must unify at M I and evolve then further as a single coupling λ Q 3 (µ). This coupling should then unify with
Below the scale M I the coupling matrices G Q , G L , A Q and A L =Ā L split into more matrices depending on the Higgs field components they are attached to. In an obvious notation we have
We left out the matrices A DD , A E − E + and additional matrices from the neutral lepton sector. They are multiplied with VEVs which are -in our model-small compared to competing terms in the same channel. In the approximations we use for the renormalization, the G matrices remain diagonal and the diagonal elements of the matrices A remain zero. Furthermore, the matrices connected toĀ L are the same as the ones from A L . But the matrices derived from A L =Ā L are no more strictly antisymmetric. The most important elements of the matrices (7.14) are the (3, 3) elements of the G's and the (2, 3) and (3, 2) elements of the A's: (G uû ) 33 = λ t (µ), (G e − e + ) 33 = λ τ (µ) etc. For the matrix elements of A dd we define 
Since e 
and
(7.23) At µ = M I the matching
the equations
L and is only needed above M I . The matching condition at M GUT for the final unification of the couplings reads 
Of course, only solutions with v 0 < v = 174 GeV are acceptable.
Numerical solution for
GeV, M A = 500 TeV
Here we present a numerical solution of the problem of gauge and Yukawa coupling unification in E 6 , which satisfies all above mentioned requirements. We choose the unification scale to be 10 18 GeV, the mass of the heaviest D state 10 8 GeV, the mass of the Higgs field (H A ) 1,2 2 to be 500 TeV.
Further imput values are the third generation masses
the three gauge coupling constants at µ = M Z and a suitable value for η t,b,τ at M GUT
For this latter value all couplings remain in the perturbative region and v 0 < v = 174 GeV. As a result we find the solution
with the following consequences:
From the value found for v 0 , we can now determine (f f 3{13} , we finally get
The solution for the gauge coupling and Yukawa coupling unification given here has been applied in the previous sections, in particular, for the evaluation of the renormalization parameters for all the different mass matrices.
In figure 1 -'Concorde'-we show the evolution of the gauge couplings and their unification. Figure 2 -'Bermuda triangle'-exhibits the running of the Yukawa couplings η t , η b , η τ and their unification. In figure 3 -'desert spider' -the running of the (2,3) and (3,2) elements of the A-matrices and their unification is presented. In these evaluations the splittings between the masses M D i and M L i (which we discuss in an appendix) have been taken into account.
Conclusions
The E 6 model presented has many attractive features. Only few input data are sufficient to obtain a realistic picture of the fermion masses and their mixings. The presence of new heavy fermions in the 'desert' plays an important role even for the mass matrices of the SM particles. All generation mixings arise from a single antisymmetric matrix A, which mixes the light fermions but also the light with the heavy fermions. The latter effect also contributes in an important way to the mass eigenvalues of the quark and lepton mass matrices. As a side remark we note, that this antisymmetric generation mixing found here could lead to significant effects in rare weak decay proccesses in case the mass of the corresponding antisymmetrically coupled Higgs particle is not too high. The matrix A, in combination with G, is also responsible for the bilarge mixing of the light neutrinos and their oscillation pattern. In the limit of no renormalization effects, the neutrino mixing is bimaximal.
Those heavy new particles, which form a 10-plets with respect to SO(10), have a hierarchical spectrum similar to the spectrum of the up quarks. The lightest ones are expected to lie in the low TeV region.
The group E 6 provides new insights about the unification of the three gauge couplings and about the unification of the Yukawa couplings of top, bottom and tau. The intermediate symmetry SU(3) L × SU(3) R × SU(3) C with a discrete left-right symmetry plays a decisive role. The breaking point of this intermediate symmetry is fixed by the known gauge couplings g 1 and g 2 . We achieved a solution of the gauge and Yukawa coupling unification with strongly constraint parameters. It describes the evolution and the final convergence of many coupling matrices which differ significantly at low energies. The solution allows to calculate quite a number of properties such as transition matrices from heavy to light fermions, Majorana phases and the double β-decay matrix element. Due to the high unification scale (> 10 16 GeV), the model adequately suppresses dimension six operators which induce nucleon decays. The proton lifetime is above the presently accessible range.
We did not discuss the hierarchy problem. The presented E 6 model can be supersymmetrized without changing the construction of the Yukawa sector. A supersymmetric version would, however, affect the coupling unification picture given here. coupling unification. So let's start with the renormalization of their masses. The Yukawa interactions occuring in (7.13) obey the boundary condition G = G Q = G L at µ = M GUT due to E 6 symmetry. We write
For a given value for λ Q = λ L at M GUT the values for λ Q 3 , λ L 3 at µ = M I can be obtained using eqs. (7.25)-(7.28). The gauge interactions contribute to the running of λ Q 1(2) and λ L 1(2) in a similar way as for λ Q 3 and λ L 3 . However, also the Yukawa interactions are to be taken into account. One has
where the P -factors are defined as follows
(A.5) All numerical analysis are carried out according to the solution presented in section 7.3. The P -factors have the values
At the scale M I the matrices G Q and G L are given by
where
The coefficients κ u and κ c are the factors of σ 
Below M I the corresponding ratios run due to gauge interactions. We have
The scaling factors ρ i are defined in (A.24) in a similar way as the P -factors. The ratios (A.10) do not run below the scales µ = M D 1 and M D 2 respectively. Combining (A.7) and (A.10), we get for the mass ratios of the D-states
For the mass ratios of heavy quarks to heavy leptons we have at µ
Using (7.34) and (A.5), (A.13) gives
These values form the starting point for the further running of these mass ratios down to their own mass scale due to their gauge interactions
(A.15)
The heavy quark to heavy lepton mass ratios at their mass scales [see (7.7), (A.11), (A.12)] are found to be
These mass splittings do only minimally affect the gauge coupling unification. Their effect is a subleading one only. By combining (A.12) and (A.17), one can find the mass ratios for the L-states 
Since we have explicit information on G uû at M Z , we can calculate G at the GUT scale and then derive the G dd , G e − e + at µ = M Z . G νν is connected with the neutrino sector, the renormalization of which is studied in appendix A4.
Below M I the running of the up and charm quark Yukawa couplings are due to following equations
It is convenient to introduce for each coupling η i (η t , α 1 , α 2 , · · ·) the quantity
These scaling factors allow to express the coupling constants at arbitrary scales and thus are useful for satisfying the matching conditions on boundaries. According to (A.23), we also have exp 1 4π
Taking all this into account, equations (7.19) , (A.21), (A.22) give
At the scale M I the ratios λ u,c /λ t can be expressed by
Therefore, we have
Consequently, if G has at µ = M Z the form given in (3.4), we have to take at the GUT scale 
The numerical values of these factors are 
Between the scales M I and M GUT , instead of one matrix A we are dealing with the two matrices A Q and A L =Ā L in the Yukawa interaction of (7.13). Due to RG effects, they will differ from the original matrix A(M GUT ). A Q and A L remain antisymmetric above M I and have the forms:
(A.37)
Here κ Q,L and λ A , λ L A are scale dependent renormalization factors, which can be determined through the RG equations of the A Q and A L matrices:
At the scale M GUT , the boundary conditions are
From (A.38) and (A.39) follow the RG equations (7.27) and (7.28) for λ A and λ L A , which we solved numerically. It is easy to observe, that the ratios A 
where P Q 3 , P L 3 are given in (A.5), (A.6).
Below the scale M I , instead of one A Q matrix there are matrices which represent the couplings of colored fermions with Higgs doublets and singlet. Namely:
). There they are precisely antisymmetric and their matrix elements match with the appropriate κ Q a,b factors of (A.37). RG study allow to calculate these matrices at the scale needed. Our numerical analysis gives the following results for the A Q -matrices at the scale µ = M Z (where contact with experimental data can be performed):
The couplings are
A similar analysis can be performed to obtain the generation mixing matrices A L for leptons. Below M I we are dealing with three types of matrices A e − e + , A E − e + and A e − E + . These coupling matrices are relevant for the charged lepton sector. At the scale µ = M Z we find
The coupling factors are
The picture which shows the running of all (2, 3) and (3, 2) elements of the matrices A Q and A L and their final unification is presented in figure 3 , the 'desert spider'.
A4. Neutrino mass matrix renormalization
Here we will perform the renormalization analysis for the neutrino sector. Dimension five operators, responsible for neutrino masses, are generated by integrating out the 'right handed' states (L 3 2 ) α =ν α . Theν α masses are determined by the matrix F {2,2} S. The matrix S describes the generation dependent Majorana couplings of these states to the symmetric sextet component of the Higgs field H S . In our model S is postulated to be the bilinear matrix product in generation space (5.8). We take this form to be valid at M I with G → G L and A → A L . With the appropriate scaling factors, at µ = M I the matrix S has the form: The eigenvalues are
and λ S F {2,2} . As we can see, these scales are separated by large distances. Because of this, strong renormalization effects occur. They are the cause of the factors which appear in eq. (5.13),to be different from the neutrino mass matrix (5.10) . The decoupling of the threeν α states occurs step by step. Thus the renormalization has to be performed separately in each energy interval [20] . At first, we present general -model independent -formula for the running of the neutrino mass matrix m ν and then apply them to our model.
The couplings in the neutrino sector involve Dirac and Majorana mass terms. One can chose a basis, in which the mass matrix for the heavy neutrinos is diagonal. Thus, without loss of generality, one can write the coupling terms where
The division of the mass matrix in three parts is convenient in order to see the contributions which come from each integrated stateν α . Each The running of λ 33 is not relevant because it involves terms connected with integrating out theν 3 state. We assume that all Yukawa couplings related to Dirac masses λ αβ [(α, β) = (3, 3)] are small. Also, it is assumed that Yukawa couplings involvingνν terms are small. Therefore the scale factors µ α do not run in the energy interval we are dealing with (these assumptions are valid in the case of the model considered). The diagonalization of the neutrino mass matrix obtained in this way allows to calculate the neutrino mixing and the ratio R = ∆m 2 sol /∆m 2 atm from the single parameter x. To obtain experimentally prefered values for R and the mixing angles, we have to use x ≃ 3.9 6 which is bit larger than the value x = 3.5 found without renormalization corrections. Also the mixing is no more bimaximal, but still bilarge. The results are discussed in the text (section 5). 
